PROCEEDINGS OF THE I-R-E
The new voltage vector after interconnection is found E2=(C2'),El as j in For any given numerical I, the substitutions indicated in (11) are to be performed in succession.
The "orthogonal" inverse table may be represented as E2=EA. EBe Ece EDe |0 0 0 0 0 0 0 0 That is, all mesh voltages become zero, since all ground points are short-circuited.
Elimination of Meshes (Frame 3)
The unknown 8 mesh currents i are eliminated by"
Z22' = Z-Z2Z4-'Z3,
giving the solution of the resultant system of Fig. 7 as E3=Z33I. There are only four scalar equations, representing the voltages E across the four junctions at which I is impressed.
SOLVING FOR THE MESH CURRENTS
Since the component matrices Z,, Z2 and Z3 of (9) are strongly diagonal with many zero off-diagonal elements, it is preferable not to perform the elimination, but to leave (8) in its given form. That is the solution of I = YE is represented by the form E = (Z, -Z2Y4Z3)I.
13 Ibid., p. 61.
Z2 , _I Zl Z2
Z3 Z4-1 (12) differing from (9) by the presence of the constraint (mesh current) inverse Z4-1 = Y4. The "orthogonal" inverse table is strongly diagonal and contains only a small fraction of the nonzero elements that exist in the conventional inverse matrix. Thus, another important consequence of the process of tearing is that it requires far less computation to solve simultaneously for both forces and constraints, than to solve for the forces alone.
CALCULATION OF JUNCTION POTENTIALS
In the example shown only some of the junctions have a current I impressed upon them. It was also assumed that the potentials E of those junctions that have no I, are of no interest. If the potentials of all junctions have to be known, then the number of assumed junction pairs in Fig. 4 (a) is 8 instead of 5 and (C21)t assumes more columns. The steps are analogous to those given elsewhere.14 14 Ibid., p. 128.
Radiation Resistance and Gain of Homogeneous Ring Quasi-Array* H. L. KNUDSENt
Summary-In a previous paper homogeneous ring quasi-arrays of tangential or radial dipoles were introduced, i.e. systems of dipoles arranged equidistantly along a circle, the dipoles being oriented in tangential or radial directions and carrying currents with the same amplitude, but with a phase that increases uniformly along the circle. Such quasi-arrays are azimuthally omnidirectional, and the radiated field will be mainly horizontally polarized and concentrated around the plane of the circle. In this paper expressions are obtained for the radiation resistance and the gain of homogeneous ring quasi-arrays of an infinite number of tangential or radial dipoles, and from the results arrived at conclusions are drawn as to the applicability of such antenna systems. 
INTRODUCTION
N A PREVIOUS PAPER' it was shown that an azimuthally omnidirectional antenna system with a field that is concentrated around the horizontal plane and with predominantly horizontal polarization may be obtained by placing equidistantly along a circle in the horizontal plane a number of tangential or radial dipoles and by feeding these dipoles with currents having the same numerical value but a phase that increases uniformly along the circle. An antenna system of this type will be called a homogeneous ring quasi-array of tangential or radial dipoles. In order that this ring quasi-array may be completely omnidirectional in the horizontal plane the number of dipoles must be infinitely large; this case is illustrated in Figs. l(b) and Kn14dsen: Radiation Resistance and Gain of Homogeneous Ring Quasi-Array 7(b). The current phase increases a whole number, H, times 2,r during one revolution in the positive direction. When the increment of the current phase along the circle augments, the radiation pattern concentrates to an increasing degree into a narrow, disk-shaped bundle around the horizontal plane. At the same time the vertical component of the electric field strength decreases in relation to the horizontal component. These properties of homogeneous ring quasi-arrays of tangential or radial dipoles explain their practical applicability.
Expressions for the field components and a thorough discussion of the radiation pattern of homogeneous ring quasi-arrays are given in the above mentioned paper.' However, with a view to the complete understanding and description of these antenna systems it is desirable to have expressions for the radiation resistance and the gain of these antenna systems. The present paper is devoted to the derivation and discussion of such expressions. In order to simplify the calculations the number of dipoles in each ring quasi-array is assumed to be infinitely large; this simplifying assumption should not cause any appreciable deviation from the actual conditions.
The Fig. l(b) . We first formulate the problem of the corresponding ring quasi-array with a finite number, s, of elements, each one having the length L, see Fig. 1(a) . As shown in this figure, we introduce a spherical co-ordinate system (r, G, 4). In this system the j'th dipole has the co-ordinates (2)
The current Ij in the j'th dipole is given by
where I is complex constant and H integral number.
We now let the number of elements, s, increase beyond all limits and the length of each dipole, L, decrease in such a way that the product sL remains finite. As shown in a previous paper,' the components of the electric field strength in the far zone field of the quasiarray are then expressed by E= TF, In this expression k =-w \/e denotes the intrinsic propagation constant and P= VM/e the intrinsic impedance of space. As an example we have plotted in Fig. 2 the radiation pattern of a quasi-array with a/X = 0.6 and H=4.
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The directive properties of an antenna is expressed by its gain. The gain gH(O) of an azimuthally omnidirectional antenna in the direction (0, 0) is defined by (14) gH ( We now find the total radiated effect PH by integrating radial component of Poynting vector S= EXH_ over a large spherical surface with radius r and with its center at the antenna system. Hereby we obtain (10) In these and the following formulas a denotes the complex conjugate of a. Defining the radiation resistance RH in relation to the current I in one of the dipoles by PH = 4RHII (11) we finally find
where mH(ka, 0) and MH(ka) are expressed by (10) and (9), respectively. The problem of calculating the radiation resistance as well as that of calculating the gain have thus been reduced to the question of obtaining an expression for the definite integral MH(ka). We have to investigate separately the cases H= 0 and HI . 1.
H=0:
The definite integral Mo(ka) has been evaluated by Foster.2 He arrives at the result 1 .
where we have introduced the notation 7Jn(x) =-Jn(t)dtl (18 
Bn(X) = f J-1(x sin O)Jn+l(x sin 0) sin3 OdO. (21) The problem has now been reduced to the question of calculating the functions An(x) and Bn(x). In Appendix II it is shown that An(x) and Bn(x) may be expressed as
The functions An(x) and Bn(x), and consequently also the definite integral MH, are now expressed through known functions, including the function Yn(x), which was defined in (18) and plotted in Appendix I. The function An(x) is plotted in Figs. 14 and 15. On the basis of these curves the function Mn(x) has been calculated and plotted in Fig. 3 for 0. x .5 and for n = 1, 2, 3, and 4.
Discussion of the result
We have now obtained expressions for the definite integral MH(ka) for any value of H. By inserting these expressions for MH(ka) in (12) we may now calculate the radiation resistance RH. In Fig. 4 (27ra/sL)2RH is plotted as a function of a/X for HI =0, 1, 2, 3, and 4.
The radiation resistance corresponding to H=0 has been plotted in Foster's2 as well as in Moullin's3 papers previously referred to. It seems that an error has slipped into Moullin's calculation of the radiation resistance for H= 0; as far as I can figure out, the radiation resistance is twice the magnitude given by the curve in Fig. 3 of Moullin's paper. The curves in Fig. 4 show that the radiation resistance for an arbitrary value of H increases, though not monotonously, with increasing radius of the circle. For a constant radius the radiation 1954 689 PROCEEDINGS OF THE I-R-E resistance is seen to decrease with increasing I HI ; when HI becomes sufficiently large, super-gain occurs, and the quasi-array becomes practically inapplicable, as was discussed in a former paper.8 By inserting the obtained expressions for mH(kta, 0) and MH(ka) in (16) the gain g(0) of the quasi-array may be found. The gain in horizontal directions, 0= =w/2, is plotted in Fig. 5 as a function of a/X for HI = 0, 1, 2, 3, and 4. The curve corresponding to H= 0 is plotted also in the above mentioned papers by Foster2 and Moullin3 gives for H= 0 a curve showing the gain in the direction in which the gain assumes its largest value. For small values of the radius Foster's curve is identical with the curve in Fig. 5 that corresponds to H= 0. Fig. 5 shows that the gain in horizontal directions for any value of H first decreases monotonously towards zero and then oscillates. For HI . 1 and for small values of the radius the gain is seen to increase with increasing values of H . However, it is interesting to observe that for H = 1 as well as for HI = 2, the gain-for small values of the radius-is smaller than the gain for H= 0. Not until for HI = 3 the gain is larger than for H=0. As a consequence of the increase of the gain with increasing I HI the homogeneous ring quasi-array of tangential dipoles should be useful as an azimuthally omnidirectional antenna system with a mainly horizontally polarized field concentrated around the horizontal plane. In Fig. 5 
RADIAL DIPOLES Calculation of Radiation Resistance and Gain
In this section we shall carry out a similar calculation of the radiation resistance and the gain of a homogeneous ring quasi-array of an infinite number of dipoles placed along a circle with radius a and oriented in radial directions, as shown in Fig. 7(b) . We first formulate the problem of the corresponding ring quasi-array with a finite number, s, of elements, each one having the length L, see Fig. 7(a) . In a spherical co-ordinate system (r, 0, 4), as shown in the figure, the position of the j'th dipole may be expressed by (1) and (2), and the current in the j'th dipole by (3). We let now the number of elements, s, increase towards infinity and the length of each dipole, L, decrease towards zero in such a way that sL remains finite. As was shown in a previous paper1 the electric field strength in the far zone may then be expressed by (4) where z is given by (7). As an example the radiation pattern of a quasi-array with a/X = 0.6 and H= 4 is plotted in Fig. 8.   0o and by substituting this expression in (25) As in the previous section we may express the radiation resistance RH of the quasi-array in relation to the current I in one of the dipoles by (12) and (13), where in the present case (25) with mH(ka, 0) defined in accordance with (10) mH(ka, 6) = F01e + FORO = (JH'(z) COS 0)2 + (-JH(Z)).
The gain g(6) of the quasi-array considered here is expressed by (16), where mH(ka, 6) and MH(ka) are given by (26) and (25).
We have to investigate the cases H= 0 and |Hi _ 1 separately.
H=0: For H= 0 we find from (26) mo(ka, 6) = J12(Z) COS2 6, Applying the functions An(x) and Bn(x) defined in (22) and (23) Fig. 4 , we observe that the radiation resistances for two quasi-arrays with the same radius and with the same HI, but with respectively tangential and radial dipoles, may be very different. The gain of the quasi-array, gH(O), is calculated by substituting in (14) the expressions (26), (29) and (31) for mH(ka, 0) and MH(ka). In Fig. 11 the gain in horizontal directions 0 = ir/2 is plotted as a function of a/N for H| = 1, 2, 3, and 4. For H= 0 the gain in horizontal directions is zero. For HI = 1 the gain in the directions of the axis, 0= 0 and w, is plotted in Fig. 11 and better in Fig. 12. For other values of H the gain in these directions is zero. The curves of the gain in horizontal directions have the same character as the corresponding curves in the case of tangential dipoles given in Fig. 5 ; but the present curves decrease more slowly towards the first zero than those in Fig. 5 . A homogeneous ring quasi-array of radial dipoles and with HI .2 seems therefore more fit for obtaining simultaneously a large gain and a large radiation resistance than a corresponding quasi-array of tangential dipoles. In the interval of a/N, for which the gain is plotted here, the gain in the direction of the axis assumes much larger values for radial than for tangential dipoles, as is seen by comparing Figs. 6 and 12. 
Hereby we find for n > 2 Jn(X) = J,-2(X) -2Jn,_(X). As
we find from this recursion formula
Jo(x) -2 EJ2j1(x) for n even. Bn(x) We shall here express the definite integrals An(x) and Bn(x), defined in (20) and (21), by known functions, assuming that n > 0. By using this integral we may transform the integral occurring in the series (39) for An(x) -(2 -sin2 0)(sin 0)2m+2n+ldO where, for the sake of brevity, we have introduced
In transforming the expression for the function Bn(x) defined in (21) we proceed in a similar way. In the series expansion (38) for the product of two Bessel functions we set ,u = n-I and v = n+ 1. Substituting the resulting expression in (21) In this section we shall express the function Mo(x) defined for radial dipoles in (28). For the square of the Bessel function in this formula we substitute the series expansion (38) for the product of two Bessel functions in which we set v=,u= 1. Hereby we obtain For the function Bn(x) we find by comparing both sides of (54) 
